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ABSTRACT

The determination of quadratic forms throughout sheaves A and Q, and functorial morphisms, play an important role in the construction of
some categories of quadratic differential triads over X, idy, idy x iq,, - In this paper, we generalize these notions so that we obtain categories of
quadratic differential triads over the categories Openy and TOP, respectively. We also treat the notions of quadratic integral triads. The
cohomology, homology and resolution notions are introduced with some applications in Electromagnetism.

Key words: Quadratic differential triads, morphism of quadratic differential triads, categories of quadratic differential triads, quadratic integral triads and
category of quadratic integral triads

INTRODUCTION

The sheaves and presheaves are treated over fixed topological spaces and their extensions are treated over fixed categories of
topological spaces. We associate to a sheaf or a presheaf a quadratic form associated to a bilinear form or generally to an hermitian
form. We use the complete presheaf to identify it, with the help of isomorphism, to a sheaf. The association of quadratic forms q 4
tA = A and qq : Q — A of sheaves A and Q, respectively , transforms a differential triad dTy = (Ay , dy , Q) over (X,
Ay) to a differential triad qdTy = ((Ax , qay), dx ., (Ux, qa,/)) called a quadratic differential triad over (X, (Ay , q4,)). The
composition law and the identity morphism play an important role in the construction of categories ODTx , ODTy4,, ODThomx v)»
ODTopeny and ODTrgp of quadratic differential triads. From the reciprocal relation of the differential map d , said [, we define the
quadratic integral triad and consequently the category of integral triad.

Definitions 1.1 Let X be a fixed topological space. A sheaf of sets over X, is defined as the triplet
(S, s, X) PSRN [ 18 Il
such that, s: S — Xis a surjective (local) homeomorphism as treated in [11].

A presheaf P of sets on X is an assignment (correspondence) that associates a set P(U) to every open subset U of X, where the
following conditions are satisfied [11]:

e For any open sets U,V of X, with ¥/ € U, there exists a restriction map 8 : P(U) - P(V)
e For every open set U of X, 8 = idpy).
e ForanyopensetsU, V, WinX,with WS VC U, 8y =8y o &Y

If S is a sheaf on a topological space X, then S (U) = I'(U, S) stands for the set of local sections of S on U and we set (S (U);
8Y) =T (U; S); 67) to be the presheaf of sections of S, where 8V is the restriction map.

Let I; = I'(S) = (S (U); o) be a presheaf of sets on a topological space X. Then, I is a complete presheaf if the following
conditions are satisfied [11] and [25]:
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e If Uis an open subset of X and (Ui);; is an open covering of U, let s, s, € S (U) such that a;(s;) = ai(s,), for every i eI,
then s; = s, (the converse is certainly true).
e Let Uand (Ui),, be as defined in (1); moreover let (s;) € [[; S(Ui) so that, for any U; = U; N U# @, in (Ui);;, one has:

ali(s) = ayl(s)
Then, there exists an element s € S (U) such that aJ;(s) = s, foralli € 1.
Remarks 1.2

For any x ¢ X, one has

sT(x): =5, L[1.2]
S, is a fiber of S over x or a stalk of S at x

We set

S=Urex Sx=0xexSx [1.3]

If S, is a Group (Ring, vector space, module, algebra,...), then (S, s, X) is a sheaf of Groups (Rings, vector spaces , modules,
algebras,...) over X and for each case we have :

S, = limS(U) = limS(U), withx ¢ UC X,
xeU xeX

where lim represents the inductive limit.
xeX

Notation 1.3 We denote a sheaf of sets over X and the associate presheaf of sections of S, respectively by

Sx=(S, s, X)and ;= T(S)=(SU);8) [1.4]
Let (A, a, X) be a sheaf of Cy—algebras (or in other words, a Cy—algebra sheaf), which is preferably unital and commutative, with
Cy the sheaf of complex numbers over X. We design by A*y and A~y the sub sheaves of Ay formed by positive elements and
negative elements, respectively. Thus:

Ay NAx={0)}x, Aty UAx=Ax [1.5]
Definitions 1.4 The Sheaf Sy = (S, s, X) is a vector sheaf, if, for any open U € X, we have

Sy =SU) =2 AMU)= A"y [1.6]
The presheaf I';=(A (U); ay) is a vector presheaf, if , for any open U € X, we have

L= (SW); 8Y) = (AWU); ad)= I" [1.7]

Definitions 1.5 Let (S, s, X) and (2, 6, X) be two sheaves of sets over X. A morphism ¢ of sheaves (or simply, a sheaf morphism)
from (S, s, X) to (2, o, X) is a continuous map:

p:8S - X
such that
QS)SX, oe@=s. [1.8]

LetI; = (S(U); 8Y) and I; = (Z(U); o) be two presheaves of sections of S and X, respectively.

A morphism of presheaves (or simply, a presheaf morphism) from Iy = (S (U); 6Y) to Iy = (Z(U); o) is defined as a
continuous map

L,=Tr(p) :L=T() - ') =1L [1.9]

such that

Pu(SU) SZU) and @y0 8V =alo oy [1.10]
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We design by Shy, PShy and CoPShy the categories of sheaves, presheaves and complete presheaves, respectively. The functor
I':Shy — CoPShy © PShy, S — Iis an isomorphism called the section functor and by isomorphism between Shy and
CoPShy , we define a functor S: CoPShy — Shy , with So I' = SI' = idgy,, called the she dfification functor and satistying the
relation :

Sr2) =S(r) =2, forany 2 € Shy.

Definition 1.6 Let X be a fixed topological space. A sheaf of categories over X, is defined as a triplet (C, ¢, X) such that,c: C —
X is a surjective (local) homeomorphism ([6], [9], [12]). A presheaf P of categories on X is an assignment (correspondence) that
associates a category of sets P(U) to every open subset U of X, where the following conditions are satisfied:

e For any open sets U, V of X, with / € U, there exists a restriction functor 8§ : P(U) — P(V), with §{: Ob(P(U) —
Ob(P(V) and &Y: Mor(P(U) — Mor(P(V)

e Forevery open set Uof X, 65 = idp).

e Foranyopensets U, V, Win X, with WS VS U, 8 =6y o &Y

If S is a sheaf of categories on a topological space X, then:

SU=IU:S),
with Ob(S (U)) = Ob( I'(U; S)) and Mor( S (U)) = Mor(T (U; S)), stands for the category of sets of local sections of S on U, and

we set (S (U); 87) =(T'(U; S); 8Y), to be a category presheaf of sections of S, with Ob((S (U); 6Y)) =Ob((T'(U; S); 6Y) and
Mor((S (U); 8Y)) =Mor((T(U; S); 87)), where 87 is the restriction functor.

Let I, = I'(P) = (P(U), oY) be a presheaf (of categories) on a topological space X. Then, P is a complete presheaf if the following
conditions are satisfied:

(1) If U is an open subset of X and (Ui);; is an open covering of U; let s;, s, € P(U) such that o;i(s;) = oi(s), for  every
i € I, then s; = 5, (the converse is certainly true);

(2) Let U and (Ui);; be as in (1); moreover let (s;) € [1; P(U;) such that, for any U; = U; n U# @, in (Ui);;, we have:

abi(s) = oyhi(s)
Then, there exists an element s € F(U) such that o};(s) = s,, for all i € 1.

Remark 1.7 For any x ¢ X, we have:

') =C, e L1 ]
and
C:=Urex Co=20ex C [1.12]

Also, if C, is a category of sets (topological spaces, commutative groups, modules, algebras...), then (C, ¢, X) is a sheaf of
categories of sets (topological spaces, commutative groups, modules, algebras...). Thus, as C, is a category, then we form the
following sets said Ob (C,) and Mor(C,) such that :

Ob(C) = Trex(Ob(CY), Mor(C) = Yoex(Mor(Cy)) [1.13]

From presheaves theory, we set :  0b(Ip) = Ob((P(U); oi})), Mor(Ip) = Mor((P(U); oi?))

Definition 1.8 Let (C, ¢, X) and (D, b, X) be two sheaves of categories over X. A morphism of sheaves (or simply, a sheaf
morphism) from (C, ¢, X) to (D, b, X) is a continuous functor : C— D such that F(C) € D

with :

poF =c R RURR I 0 F-Y |
Let Iz =I'(C) = (C(U); ¢¥) and I}, = I'(D) = (D(U), b)) be too presheaves of categories on X. A morphism of presheaves (or
simply, a presheaf morphism) from I, = I'(C) = (C(U); ¢{l) to I, = I'(D) = (D(U),;pY) is a continuous functor I : [z = I}, such
that :

D%/IOFU = Fvo C[E'] ........................... [1.15]

where Fy: C(U) — D(U)and F,: C(V) — D(V)are morphisms in the category of sets.
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We observe in [1.14] and [1.15] that there are compositions of a morphism p with a functor F to obtain a morphism c; i.e., that
represents the composition of mathematical objects of different natures. This remains an open problem which needs a special
attention. To address this question, we suggest to replace the topological space X by the category of opens of X, denoted Openy or
in general by the category, denoted TOP, of topological spaces.

In the following, the correspondence from complete presheaves to sheaves and vice versa is possible through the sheafification
functor S: CoPShy — Shy or the section functor I': Shy — CoPShy S PShy ,withSoI' = SI' = idgy, . With these regards,
all sheaves are considered to be generated by complete presheaves.

II. Quadratic Differential triads

Some notions of this section are treated classically in [1] [3] [S] [7] [8] [10] [16-18] [26] [27] and in Abstract Algebra in [12-13],
[25].

Definitions 2.1 Let Ey be a free Ay-module. A map by: Ex @ Ey = Ay is an Ax-bilinear form, if there exist, for any s, ¢ €
Ey=E(U), with U €X open, two Ay-linear forms bg ;. Ey = Ay, t = bgy(t) and b,y Ey = Ay, t = b, y(s) such that

bU (S, t) :bS,U(t) = bf,U(S)’ ........................... [21]
where by Ey @ Ey — Ay is an Ay- bilinear form which satisfies the following
ajoby =byo (el xel),withV CUopen. e [2.2]

Definition 2.2 Let Ey be a free Ax-module (or a vector sheaf). A sheaf morphism qg, : Ex — Ay is an Ay -quadratic form
associated to an Ay -bilinear form by iff:

Ae, (8) = qru(s) = by(s,s), [2.3]
for any s € Ey=E (U), with U € X open, by:Ey; — Ay is an Ay- quadratic form which satisfies the following:

ay 0 qg, = Qg0 ey, withV SUopen [2.4]
Proposition 2.3 Let I'(Ey) be a complete presheaf, where Ey is a free Ay -module of rank #n. For every open U in X, let B(U) be
the set consisting of all the bases of E(U). If, for every U, V open in X with V' € U, we have the restriction map by: B(U) -
B(V),then the set I'(By) = (B(U) , by), where by = ey /), is a complete presheaf.

Proof

(1). If U is an open subset of X and (Ui);; is an open covering of U; let s;, s, € E(U) such that ej;(s;) = ef;(s), for every iel.
Suppose that s;, s, € B(U) and by;(s;) = b{ji(s2). Then, b{j;(s;) = by;(s), implies that (e[/;/pwr) (51) = (e0i/w) (s2); i.e.5,=s (the

converse is certainly true).

(2). Let U and (Ui);; be as in (1); moreover let (s;) € [1; B(Ui) such that, for any U; = U; N Us# @, in (Ui);¢;, we have: bg}j(si)
Uj . . . . i . Uj .

= bU]i]-(S_]) which implies that (eE}j/B(Ui) (si) = (eU]i]-/B(Uj) (s))-

Then, there exists an element s € B(U) such that bY;(s) = s,, for all i € 1.

Hence shown that I'(By) is a complete presheaf.

Remark 2.4 Let Ey be a free Ax-module (or a vector sheaf). If gg, - Ex — Ay is an Ay -quadratic form associated to a
symmetric Ay -bilinear form by: Ex @ Exy = Ay , then we have:

Qeu(®)apu® + qgu®qeu(s) = 2by(s,t), . [2.5]
where s, t € Eyy =E (U), with U € X open.

Definition 2.5 Let Ey be a free Ax-module (or a vector sheaf). If qg, - Ex = Ay is an Ay -quadratic form associated to an Ay -
bilinear form by: Ex @ Ex = Ay , then the pair:

(Ex, 45, ) = ST(Ey, qg,) = (ST(Ex), Gsrey) e, [2.6]
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is called an Ay -quadratic space.

Definition 2.6 Let X be a topological space, (y be a sheaf of (differential) Ay -modules over X, dy be a derivative map as the
Ky -sheaf morphism which is also IKy-linear, where Ky = (Ry or Cy) and Ay be a sheaf of unital K-algebras over X, with R=( R,
r X) and C = (C, ¢, X) be respectively the sheaf of real numbers and the sheaf of complex numbers.

We define the triplet as treated in [12], and [14]:

(Ax dy, Qx) [2.7]
as the differential triad relative to (X, Ay) iff, for every U,V open in X with V' € U, the Leibniz (product) rule:

dy(A.B) = A.dy(B) + B.dy(A) [2.8]
is satisfied , with 4, B € Ay=cA(U) and dy: Ay = A(U) = Qy = Q(U), be continuous and

Ky-linear, and

wlody=dyoal [2.9]
where all : A (U) > A (V) and wf : Q (U) - Q (V) are restriction maps.

We set the differential triad as:

dTX = (CAX, dX ) Qx). .............................. [2.10]

Definition 2.7 Let dTy be a differential triad. If (A , q.4,,) and (Qy, qq, ) are two Ay-quadratic spaces, then ((Ay , G4, ), dx ,
(Qx, qqy ) is an Ax-quadratic differential triad if , for any Ay —quadratic form qq, : Qy — Ay, there exists an endomorphism
Guay - Ax > Ax such that, for every U, V open in X with ' € U, we have

Goy 0 dy = qu, . Ay 0 Gu, = qu, 0 ay and ay o o, = qo, 0 Wy [2.11]

Illustration 2.8 Let Ay = Cy and Q} be, respectively, the sets of differential 0-forms and differential 1-forms over the
smooth manifold X. If (Ay, dy ,Q}) is a differential triad on X, and Aot = Q}F - Ay is an Ay —quadratic form such that, for
every U open in X and w € Q}, we have

dq (w) = w?. Then, for any a = a(a) = ko , with k # 0 and k, o € K, there exists a map
Quy Ay = CF = Ay =Cf, a—> qu,(a) = kKdo’.
After calculations, we find that: Ga, (@ =qa,(a(@) = (qo,°dy) (a(e) = kda’.

Note that the map a Sy € CAUKU = (Ag)y = Ay=Cy issuchthat a (a) = ka , for any a € S; and k € Kj;, where S, is a
subset of the underlying of Ky in Ay denoted by ( Ak )y-

Remark 2.9 According to the Definition 2.7 and the illustration 2.8, it follows that qc)czois a differential quadratic form. Thus, we
use:

qdTy = ((CX qcp ) dx » (D day)) [2.12]
as the quadratic differential triad relative to (X, Cy°).

Definitions 2.10 Let dT;x and dTjyx be two quadratic differential triads relative to (X, Ajx) and (X, Ajy), respectively , with 7, j
=1.2, ...A morphism of differential triads from dT;y to qdT;y is a triplet

(h;’lx,d;(’, h;{x) e et e e e e e e[ 2.13]
such that:

di(h ) = STAD (R ay) = o = hae e, [2.14]
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and it satisfies the Leibniz (product) rule, given in [2.8] and [2.9] , where hzx € Hi‘!jx = Homy, (A;x , Ajx) and hgx € H;{X =
Hoqux(ﬂix ) Q]X)

For every U; ¥ open in X with ¥ € U, we have: W o di} = d o AY
where AY : HGZ U) - Hj{ (V) and WY : Héj U) - Hg (V) are restriction maps.

Wehave : - hy (1,4,,) = La,y).
if 1,4, and lﬂju are the units of A;; and Ay, respectively, with U open in X;
ij 1 1 _ 7
- (1) = 1= lim1 (U) = lim1
if 1, denotes the unit of both A;x and Ay, for all x e U € X;

- h;{x(ai . (A)i) = h;JlX (ai). h;{X (a)i), for any (ai’ wi ) € c/in X ‘Q‘iX .
Notation 2.11 We denote the category of differential triads over X by:
DiffTy [2.15]

where Dif fTy = (DiffT, t, X) and T'(Dif fT) =(DiffT(U), ) are, respectively, sheaf and presheaf of categories of
differential triads over X, with U, V opens in X.

Let Algy be the category of Ky-algebras over X, Dif fy be the set of differentials given in [2.7] and [2.13], all, over X and
Dif f Fy be the category of differential form over X. We set:

DiffTy = (Algx, Dif fx, Dif fEx) [2.16]

Definition 2.12 Let qdT;y and qdT;x be two quadratic differential triads relative to (X, A;x ) and (X, A;y), respectively , with i,
Jj=1.2,...A morphism of quadratic differential triads from qdTix to gdTjy is a triplet:

(Ro.dy, hd). s [2.17]

such that [2.13], [2.14] and all properties of Definition 2.10 are satisfied. Also, we have

Wy o Quy=h . dijx 0 doy =hg . Qo 0 dix =y and dix 0 K =dyx, o, [2.18]
with W' hY € HY . hd € HJ . qa, € End(Aix), qo,y € Hom iy (Qux . A,

d;x € Hom Kx(cﬁlix, Qix), de € Hom ]KX(C’qu' QjX) and din € Hom Kx(cﬁlix, Qjx),

where dix, djx,d;jx satisty the Leibniz (product) rule, q4,, and qq,, are two quadratic forms and hzx, h’zx, h;{x are
continuous maps.

We observe that the triplet: ((HZX, qu/{X ) d)‘(’ (H!i{;(, quX )

is a quadratic differential triad. For every U, V opens in X with V' € U, we have:
WY o dli]jz dli,jo AY.

where AY : HY (U) » HY (V) and WY : H (U) » HY (V) are restriction maps.
Notation 2.13 We denote the category of quadratic differential triads over X by:

QDIffTy e, [2.19]

where ODif fTy = (QDiffT, T, X) and T'(QDiffT) =(QDiffT(U), t¥) are, respectively, sheaf and presheaf of categories of
quadratic differential triads over X, with U, V open in X.

Let QAlgy be the category of quadratic Ky-algebra spaces over X, Dif fx be the set of differentials given in [2.7] and [2.13], all,
over X and QDif f Fyx be the category of quadratic differential forms over X. We set:
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QDiffTy = (QAlgy, Dif fx, QDif fFy). [2.20]

Remarks 2.14

We can replace the topological space X by, respectively, the topological spaces idy and Hom (X, Y) to construct, respectively,
the categories of quadratic differential triads over idy and Hom (X ,Y), respectively, denoted by:

QlefTLdX and QlefTHom(X 1 R L R R R R R R R R R ERREEER [221]

From sheaves over categories, we can replace the topological space X, respectively, by the categories Openy and TOP to
construct, respectively, the categories of quadratic differential triads over Openy and TOP, denoted:

ODif fTopeny and ODiffTrop [2.22]
The categories ODif fTiqy, ODif f Tuomx vy, and QDif fTopen, are subcategories of the category
ODiffTrop = ODIfIT [2.23]

of quadratic differential triads over the category TOP of all topological spaces.

Let (T'(A), I'(d), I'(Q)) and ((hipj( ﬂ)), r(d, (hipj(m)) be, respectively, the complete presheaf and the complete presheaf
morphism differential triads. Consider an operator O, defined as follows:

O (A), T(d), T(Q) = (T(A), qrea) T@, T, Gry) e, [2.24]
and :
Or(h}), I(dY), I(hd) = (hpyy, T(AY), hlg). [2.25]

where g4y and qr(q) satisty the following condition :

areyol@=ary [2.26]

From the definition of the sheafification functor S, we have:

O(ST(A), ST(d), ST(Q) = (A, q.). d, (2 ), O(ST(hD), ST(dY), ST'(hi))) = (b, d, hi).

We set :

O(A, d, Q) = (((A qu). d, (Q qo), Q% ,dU,h) = w7, dU, k) [2.27]
where q 4 and q satisfy the condition :

qouod=qy, [2.28]
Here the question is: what kind of pairs (q.4, qq) can satisfy the relation (2.28)?

We know that through the pair (A, Q), we can define several pairs of quadratic spaces ((A = SI'(A) , qép( ), (Q=S8rQ) ,
qi-p(m)) , where i = 1,2,3,... To answer this question, we have to fix a (differential) A -quadratic form g, -  — A such that:

Tdoa=84 e, [2.29]
where the symbol [q, designs the “integral” of the differential form q, , where § 4 is the primitive function of ¢gj,. We have:
Ga=qu +k, withkeAx [2.30]

Note that Ay designs the underlying of K in A and we realize an equivalence relation, ~ , defined in Endg(A)=Hom (A, A) as
follows:

G~ @y iff @y— qa=k withke A [2.31]
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Referring to the above concern , the (differential) A -quadratic form qg : Q@  — A that is defined, leads us to choose a
subcategory QDif fT of QDiffT whose objects

(A.Gq).d.(Q.q0) [2.32]

satisfy the relations [2.28] [2.29] and [2.30], for any pair (A, Q).

Definition 2.16 Let us denote by 0, and Q be the set of differential quadratic forms g, : Q — A ,... and the set of quadratic
forms §,4 : A = A, ..., respectively which satisfy [2.28] ,[2.29] and[2.30].

We define the triplet: Qa. /04 [2.33]

where [ : Qo = Qu Go = [ qa = G, is continuous and satisfies [2.30]. We say that the triplet [2.33] is the quadratic integral
triad over A if and only if, for any x € U, with U open in X, we have

Jx = limf;; = lim @A) T=d)™ , [2.34]
xeU xeU

where d satisfies [2.8] [2.9] and [2.10]. We set:

OIT=(Qq, /:0.4) = (ST(Qu), ST (), ST(Q))=SI (Qq. /. Qa)=SC(QIT) i, [2.35]

The above expression represents the category of quadratic integral triads.

Theorem 2.17 Let M € A™*™ be a matrix, O = A *™/ A *™M be the left A-module finitely represented by M and p : AT *™

—  Q be the canonical projection onto Q. If , for any open U in X, {a;} is the standard A (U)-basis of A**™(U) = A(U)*™,

m;=py(a;), withi=I,...,n , and E be a left A-module , then we have the following abelian group A (U)-isomorphism :

HomﬂU(QUsEU) - KerEU(m)st - €y,

where M;; € End 4, (E(}) and {e € E}} /Me =0 }.

Proof. It is obvious that, because there is a one to one correspondence between the elements of Hom ,,(Qy, Ey)  and
Kerg, (My).( Refer also to [19], Theorem 1.1.1.).

III. Quadratic functorial operator
Some notions of this section are treated classically in [6] and [8], but in Abstract Differential Geometry in [6], [12] and [14].

Definition 3.1 Let Q : Dif fT — QDif fT< QDiffT be an operator which satisfies the relations [2.26], and [2.27]. Then Q is
a quadratic functorial operator .

Theorem 3.2 The quadratic functorial operator ( is a covariant functor.

Proof. Consider dT;, dT}, dT, € Ob(DT) and mdT;; € Hom(dT;,dT;), mdTy, € Hom(dT;,dT,) and mdTj, € Hom(dT;,dT). If
we apply the operator Q on DiffT, we have:

(1) Q..(dejko mdT;;) = mQdTj> mQdTy; = Q(mdTy)°Q(mdTy)),
(2) Q(idgr,) = idgar, = idgcary-

Remark 3.3 By convenience, we set:
QDiffT:=<(DiffT, q=1{44,42)> [3.1]
where {q.4 , §o} satidfies the relations from [2.25] up [ 2.32].

We construct the quadratic functor operators as follows:

QX : DiffTX - QDiffTXa QHom(X,Y):DiffTHom(X,Y) - QDiffTHom(X,Y)a QOpenX : DiffTOpenX - QDiffTOpenX:
Qrop ¢ Dif fTrop = QDif fTrop.

Let Q4 and Q, be the matrices representing the quadratic forms g 4 and ¢q. Thus, for any S = (', 57, ..., s" ) in Gl(n , Ay) and R
=0, 7, .., r")in My, (Qy), with U € X open, we have
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SQu,S =0, RQo,R=0 [3.2]

where S and R are transposed of S and R, respectively.

Remark 3.4 If (By , qp,) is a subalgebra of (Ay, q.4,) ; then, using the duality notion, there exists a subspace of (Ay, g, ),
said, (Bx ,qpy)" such that:

Bx s 4py) ® Bx 1) = (Ax. Qay) [3.3]

and consequently we have the following lemma and theorem, where B designs the orthogonal of By and we set:

B qp )™= Bty ag, ) [3.4]

Lemma 3.5 Let A =A; @ A, and Q' = Q,'@ Q," such that dT; = (A, ,d, Q,") and dT,= (A,,d, Q") are differential
triads. Then , there exists a differential triad dT = ST'(dT) = (A, d, Q') such that

dT = dTl @ de .................................... [3.5]
Proof. The existence results to the following decompositions:

Leta = a, + a, and s = s; + s, be decompositions of sections a € Ay, with (a;, ;) € Ay, DAy, and s € Qly, with (s, s5) €
', @ Q' such that Ay and Q' verify respectively, the splitting Ay = Ay, @ Ay and Q'y=Q', @ 0,1, UESX
open. Then, we have the map dy : Ay, DA,y - Qllu@ﬂzlu, such that dy (ay + ay) =dy (a; )+ dy (ay) = s, + s, and dy
(al . az) = dU (al) a2+ al dU (az). We Obtail’l

dT=(A, d, Q1) =(A, PA,, di+ dy, O B VY)=(A,,d, Q)P (A, ,d, Q') =dT, @ dT,.

Theorem 3.6 Let A = A, B A, and and Q' = Q' @D Q,'such that qdT, = ((A,, da,),4d, o, »qq,1)) and qdT, =
((A2,94,),d Q1 qﬂzl)) be two differential triads. Then, there exists a differential triad gdT= ((A, q.4), d, (1, qg1)) such that:

qdT= qdT,@® qdT, [3.6]

Proof. The existence results to the decompositions of <4 and Qlin direct sums. Also, using Lemma 3.5 and the definition of a
quadratic differential triad, we have, for all U € X open,

daU = dalU $ daz U.

Remarks 3.7 -Using the relation [2.28] and Theorem 3.6, we observe that qq,1 0 d; = gy, and g, 0 d; = q.4, imply that
qar0d=qy4.

-Let Hz: Hom g (A;, A;) and Hgl: Hom ,(Q;*, le) be two sheaves such that the triplet (H V) ,dy, Hgl) is a differential triad
over X, idy, Hom (X ,Y), Openy or TOP. Then, the quadratic functorial operator Q applies on the differential triad dT"= (Hz,
dY, H ;{1) so that this differential triad becomes the quadratic differential triad:

QMATYYy = qdT¥ [3.7]
IV. Homology — cohomology-resolutions

Some notions of this section are treated classically in [2-4], [6], [8], [10], [17-22], [26] and [27], in Abstract Algebra in [6] and in
Abstract Differential Geometry in [12-14].

Definition 4.1 A complex of free left (resp. right) A-modules denoted by

di—l i+1

I L |
Q= ... — Qb > QY — [4.1]

is a sequence of left (resp. right) A-homomorphisms SI'(d%): SI'(Q) — SI'(Q'*1) between left (resp. right) A-modules which
satisfy, for any open Uin X, :

Im di_l(U) c Ker di(U) ,ie., dy Lo dy -1 — 0y =0, foralli€Z. [4.2]
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We set:

d°= 0,d'=d, foranyi >1, [4.3]
where the symbol d designs the differential A-homomorphism.

If we specify the order of the set Q= SI'(Q) of differential forms (sheaf of differential A-modules) by setting:

Q= and Q' =@YH = AIQY, [4.4]
with A = A4 be the exterior (the skew symmetric homological tensor ) product, for any i > 1.

We have, more explicitly : QWL=A1Q, Q02> = AN AQL, ...

Definitions 4.2 The defect of exactness of [4.1] is left (respectively right) A-module defined by

HYQ)= Kerd!/Imd=* e, [4.5]
The complex [4.1] is said to be exactness of [4.1] at O if the left (resp. right) A-module defined by

HY(Q)=STC(H'(Q) =SCO)=0 [4.6]
In other words Im d"=* = SI'(Im d*=') = ST (Ker d') = Ker d*.

The complex [4.1] is said to be exact if: Kerdi=Imd=!, foralli€z ... [4.7]

Definition 4.3 A complex of free left (resp. right) A-modules denoted by

fi fi J‘i
Q= o B, B S [4.8]

is a sequence of left (resp. right) A-homomorphisms [J; 1 - Q;41 = €; between left (resp. right) A-modules which satisfy, for
any open U in X:

Im [;.1(U) € Ker[;(U), foralli €Z. [4.9]
Also, for any x € U, with U open in X :

fiw= lmf, = lim(dy")*= (d,)7", foranyi>1, [4.10]
xeU YeU

xelU

to the nearest constant , where the symbol [ designs the integral A-homomorphism.

The defect of exactness of [4.8] at (); is the left (resp. right) A-module defined by

H;(Q.) = ST'(H;(.))=ST (Ker [; /Im [;,)=ST (Ker[, )/ST (Imfi,)=Ker[; /Im , ., o [4.11]
The complex [4.8] is said to be exact at (); if:

H;(Q)=SC(H;(Q)=STCO)=0 [4.12]
In other words Imf;., = SI'(Imf;,1) = ST'(Ker[;) = Ker{; .

The complex [4.8] is exact iff:

Kerf=Imf,y, Jforalli€ Z [4.13]

Remark 4.4 The complexes [4.1] and [4.8] are represented as follows:

ai-1 . dt ooooaitt
Q= .. — o - ot —
fi J‘i+1 fi+2

.Q* = — Qi — ‘Qi+1 — ..,
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where we set Qf = Q;, within A-isomorphism, for all i € z.

In other words, we have :
fis10 di= idoi [4.14]

Definitions 4.5 Referring to [4.5] and [4.11] , we define H!(Q*) and H;(Q,) as respectively the i" cohomology and the i"
homology.

Remark 4.6 If we replace, in the Remark 4.4, Q by the differential triad dT, then we obtain the isomorphism between the complex
of differential triads and complex of integral triads, through the following diagram:

mdri-1 mdrt mdritl

dr = ... — dT! — drTi+t —— .
Il I
m|T; mTiyq mfTitp
ar. = — JIi —— Ty & .,

where we set dT? = [T;, within A-isomorphism to the nearest constant, and mdT* and m/T, two morphisms, respectively, of
differential triads and of integral triads, for all i € Z, with d7=ST'(dT) , mdT= STI'(mdT), [T= ST ([T) and m[T= ST (m|T). We
observe that dT = (A, d, Q) and [T= (Q, [, A) are differential triad and integral triad, respectively.

In other words, we have :
mTipyomdT! = idye [4.15]

Definitions 4.7 Referring to [4.5], [4.11] and Definitions 4.5, we define H'(dT*) and H;(fT,) as, respectively, the i co homology
and the " homology of differential and integral triads.

Definitions 4.8 A finite free resolution of the left A-module Q is an exact sequence of the form (see [19], Definition 1.2.1, p.13-
14)

Lix Tx
—

AL S Q> o, XEX e, [4.16]

Loy
1Xr-
— A,

where L;y: A" = A, "1 s the left A, -homomorphism defined as follows :

Li(o) = lxiTrzr}I:iU (o) = lim oLy = 0Ly, YEU CX [4.17]

xeU
forall o, € C/lxlxris with L, € c/lxrixri_1 orlL; € c/lxrixri_z

A finite free resolution of the right A-module ) is an exact sequence such that , for any x € U, with U in X, we have

Rix Rox

AN =L XEX [4.18]

0 « 'Qx T(_x cﬂxSOX1
where R;y: A, 5t = A, 571 is the left A, -homomorphism defined as follows :

Ry (p) = limRy(p) = limpRyy = PRy, XEU CSX [4.19]
xeU el

xeU

for all Px € chlxsi’ with Rix € C’q'xsi_1XSi or Rix € C’qxsi_zx Si...

V. Applications
V.I. Let us consider the first set of Maxwell equations, said,

V-B = o esSRsstssesissssssssessessssee

where B(resp. E) designs the magnetic(resp. electric) field, O(resp. o) designs the zero vector (resp. the zero scalar) and A =

Q[0d;, 01, 0,, 03] be the polynomial algebra of operators with rational constant coefficients, with d; = :—_ = 667 ,i=0,1,2,3 such that

d d

Yo at’
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If R, € A**® is the representation matrix of [5.1], it follows that, for any x € X, we have:

% 0 0 0 -0 &,
0 9, 0 a8 0 —o
0 0 9 -4, a4 0
9, 8, %3 0 0 0

Ry=
X

Let Q = A%/ A **R, be the left A-module finitely represented by R; (see Theorem 2.17). Using Definition 4.8 and [5.1], we
observe that the left A-module () admits, for any x € X, the following free resolution:

Lox Lix Tx
0, = Ay — ALY S AN S Oy o 0., [5.2]

where the matrix R,,=( 8;, 0, 35, —0,)x € A, ** defines the compatibility conditions

(V-] — 8Dy=o0r [5.3]

of the inhomogeneous linear system
(0:B+ (VA E))y =]
(V- B)x=px
where B, E, ] are vectors and p is a scalar. In this case, J is the density of current and p is the charge.
If $= ST'($) is a open convex subsheaf of Ag *, where Ay, is real the underlying of A, then the space C*($) of smooth functions

on § is an injective Q = Ag/0,, 04, 03, d,/-module. Using the formula [5.4] , we can easily check, through the parameterization,
that , for any x € X, we can set:

{ By =V A A)x [5.5]

Ey = (—0.A — Vv)y,

where 4 € F 3and v € F, with F be an injective Ag/d;, 05, 35, ,/-module C*($). We observe that (4,v) is the quadric-potential
of [5.1] or [5.4], i.e., R, = RyF * in the exact sequence:

2 ﬁlx kox
B «— FE «—Hom 4, (O, EJ= 0y [5.6]
Note that the quadric-potential (4,v) is not uniquely defined since the right-hand side of [5.5] is parameterized, for example, by :
Ax = (_Vg)x
................................. [5.7]
Uy = (0¢€ )x
in other words,
KGTF(RO): R_IF.
Consequently, for any € € F, the gauge transformations 4 - 4 - Ve, v = v + d,& (See [12] and [19]) give the same fields E and B.

V.II. Consider the electromagnetism Lagrangian functional, given by:
1
U3ellEN = =B dt dy,dy,dys, [5.8]

where €,(resp. liy) is the dielectric constant(resp. the magnetic constant), under the differential constraint formed by the first set of
Maxwell’s equations [5.1] . By varying the Lagrangian functional, we introduce , for any x € X, the maps

1
~1p
o B - B (D) (TwD) [5.9]
E &E /,

and
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( atB+(V/\ E))x=0x
(V- B)x=04

(toa): ES » E* (BE), — [5.10]
G- WA E) =€ 0,E) = 0y

\
(eoV * B) x = 04

which is the complete set of Maxwell equations. Using [4.24], we can present the components of B(resp.E) by :

Q%@Z—M&:o &%p(éﬂmz—ﬂﬁfox ................................. [5.11]

. . 1 . .
where A= 8,2+ 9,°+ 05”is the Laplacian operator and cy?= e 0 1e the fields B and E are space- time waves.
0¢€o0

Now, consider the polynomial operator 4 : F* — F* obtained by substituting the previous parametrization into the last two
equations of [5.5] and by using the relation

VAVAA=V(V.A)-A44.

We obtain, for any x € X:

1,1 d%A 1 v
H—OCO—ZF—AA'FV(V.A'FCO—Z E))x_]x
1%y —2(va+=5 2, =
(EO(COZ at2 Voo co?2 ot Jx = Px

Then, putting together equations [5.5] and [5.11], and using [1.12], we obtain the system

1,1 9%4 1 ov
(g —AAHV(V.A+ 5 T =]
1 90%v v 1 dv
EO(CQ_ZE_AV_E(V'A—FCO_Z E)_p ................................. [5.13]
VANA=B
'atA'VV:E

In electromagnetism, by fixing the Lorentz gauge defined by V.4 + Ciz % = 0 the system [5.13] is generally simplified as
0

1/1 9%4 aa) =
Ho \Co?® Ot? =/

follows

1 9%
eo(gggﬁn—Av) = p e [514)
VAA=B
-0;A-Vv=E

This result shows us that each component of the quadri-potential (4,v) is a space-time wave, where
(4v) = Uyex(4, 1) =2 xex (4, V)

VI. Conclusion and Future Development

In this article, we have constructed categories QDTy, QDTyq, and QDThomix v) whose objects are quadratic differential triads qdT;
= ((Ai> 4.4,)» dis (@4, qgn,)) and whose morphisms mqdTV = (h}, dY, h) satisty [2.18], respectively, over some topological
spaces X, idy and Hom(X , Y). We have generalize these concepts over the categories Openy and TOP to construct categories
denoted by QDTppen, and @QDTrgp, or in the particular cases (see Definition 3.1 and Remark 3.3) by QDT openy and QDT 7op
respectively. We have also introduced the notion of integral triad. The notions of (quadratic) differential triads and (quadratic)
integral triads allowed us to analyze respectively the co homology and homology concepts. We have finished our paper with some
physics applications in Electromagnetism. These notions can be applied for future research when dealing with The Poincaré gauge
(or radial gauge), Weyl gauge known as temporal gauge or Hamiltonian gauge, axial gauge and gauge fixing.
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To conclude, one should note that many aspects of this peculiar and techniques still remain to be explored. For instance, it would
be interesting to study:

e The 2-Minkowsky differential triads that we defined as an image of the 2-real Euclidian differential triad through a
functorial morphism.
e The Clifford connection triad algebras with physics applications.
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